In this paper we evaluate the drag of periodic rough microstructures from near-wall models. With near-wall models we denote Coutte flows which describe the viscous boundary layer of turbulent flows. The structures inside this layer are not the optimal ones but can be used for a deeper understanding of the drag reducing mechanism of riblets due to a valid mathematical theory for viscous flows. Here, the numerical calculations can be validated and the developed calculation strategies can later be extended to the turbulent boundary layer. The focus of this paper is the evaluation of the drag of several microstructures for a better understanding of their action to the turbulent overflow. The influence of the structures will be visible trough a shift in the mean velocity profile which will be quantified. Due to the fixed calculation domain and thus an altered sublayer thickness, the obtained drag values can not be easily compared. We will as well present a theory for the comparison of the drag of rough surfaces calculated from our near-wall models as one for the comparison of rough versus smooth surface.
Introduction
The importance of surface roughness in turbulent flow is best known from the famous Nikuradse diagram [17] which shows that the friction drag increases with increasing surface roughness until a certain size. Nowadays it is well known that certain surface structures, like e.g. riblets aligned in the flow direction, can also reduce the friction drag [3] , [20] , [22] . The most prominent example in this case are riblets which provide a drag reduction of up to maximum 10% [2] , [5] under laboratory conditions. Values of 2-3% in fuel savings for an airplane covered with riblets were realized in practice [21] but not permanently practicable due to high maintenance costs. In addition, fundamental research in the direction of developing novel surface structure that produce higher drag reduction is continually carried out [4] , [10] , [11] , [12] , [15] and [18] .
To model a turbulent flow we consider the boundary layer theory developed by Prandtl and Schlichting [19] . Turbulence is called a motion of the fluid in which an irregular fluctuation (mixing, eddying) is superimposed on the main stream. This motion is characterized by low momentum diffusion, high momentum convection and rapid variation of the pressure and velocity. After Prandtl's boundary layer theory a flow of high Reynolds number is decomposed in two layers: a thin layer near the wall called boundary layer, the domain of the influence of the viscosity on the flow and the outer flow, the potential flow. A boundary layer can be laminar or turbulent and its thickness depends on the Reynolds number. A turbulent boundary layer has a specific structure: a thin viscous sublayer, a buffer layer, a logarithmic layer and an outer layer. The last two layers depend on the Reynolds number. There is sufficient separation of scales between the roughness and the largest turbulent length scales, and thus the outer layer can be considered independent of surface conditions but the wall conditions will set the important length and velocity boundary conditions for the outer flow. The influence of drag reducing riblets which penetrates the turbulent boundary layer is modeled as a shift in the logarithmic layer that has to be determined from a broad set of experimental data. This approach is presently restricted to very few surface structure shapes for which the required experimental data is available. Rough surfaces that lead to an increase of fluid drag can similarly be treated as a downward shift in the logarithmic layer [1] .
For turbulent flow an analytical solution is available only for special cases in the viscous sublayer, for the Couette flow. In all other cases the solution of the system is calculated numerically.
Therefore, we start with near-walls models in the viscous sublayer to understand the mechanism of drag reducing surfaces. The obtained amount of drag reduction will thus be small, but on one side, new promising very small microstructures hypothetical can give a high drag reduction [12] . On the other side, the developed numerical techniques can be extended later to calculations in the turbulent boundary layer to achieve higher contributions to drag reduction.
In this paper we present drag calculations for several microstructures. The calculated drag from these near-wall models, where the upper boundary condition is set from a snapshot of a vortex in the layer above, can not be used for the true drag and neither to compare the structures with each other. Concerning the true drag, the presented calculations indicates a tendency if a structure looks promising. The true drag must be evaluated by numerical simulations of the unsteady turbulent flow or by experiments. Concerning the comparison of the structures, we get problems with the thickness of the viscous boundary layer which is fixed by the computational domain and used for all structures. Many authors compare the rough structures with a smooth surface chosen at an arbitrary position (often above the structures, detailed citation in [6] ). We will show how the correct position of the reference surface can be calculated for each rough surface and discuss first results.
Near-wall models for drag calculation
The near-wall model for viscous boundary layer flow used in this work was introduced by [14] . A refinement was later done in the context of shape optimization [7] , [9] and [8] . We consider the Navier-Stokes equations rescaled to viscous wall units [19] with a Couette profile defined by the no-slip boundary condition on the rough surface and the prescribed velocity on the top which can have an arbitrary direction due to the turbulences in the above regions. We choose V in direction (1,0,1) which models a vortex in the above layer with equal longitudinal-and cross-flow velocities V 1 = V 3 . The detailed mathematical description of the model is given in the citet literature.
Definition 1 (Near-wall model for viscous boundary layer flow). Let V be a given, homogeneous velocity on the upper boundary R driving the boundary layer flow. Find a solution in some function space of the steady-state incompressible Navier-Stokes Equations:
where Γ ε is the rescaled lower rough boundary. The finite flow region Ω ε is thereby expanded by periodic boundary conditions. Due to the periodic nature of the model, it is possible to reduce the boundary layer model to a slice over one copy of the primitive cell, which reduces computational costs.
The near-wall model will be used to derive drag values and protrusion-heights for different structures. For the sake of clarity this flow characteristics deserve a thorough definition.
The total force imposed on the body by the fluid is given by Newton's law and can be written as a boundary functional
with Cauchy stress tensor T = S ∇v − pI. The drag is then given by the following formula
T is the symmetric, viscous stress tensor and e ∞ is the direction of the main flow (bulk velocity in the case of a channel flow). This representation of the drag can directly be obtained from the weak formulation of the Navier-Stokes equations which is used for Finite Element simulations. We work with the following
118
Prague, February 15-17, 2017 _______________________________________________________________________
Figure 1: Flow profiles v x (y) and v z (y) of a Riblet structure, virtual Couette profilev z (y) and protrusion height h p,ez [16] Definition 2. [Rescaled drag] The total, rescaled drag F induced by the flow (v, p) on the boundary Γ is the combined form-and skin-friction drag given by
where S(∇n) denotes the symmetric, viscous stress tensor. We will consider the drag on Γ, Ω ε and on S a smooth surface at position y = 0 or y = a. Definition 3 (Virtual Couette profile). Let v ξ be the mean velocity profile of the velocity component v(y) · ξ. We define the (interpolated) virtual Couette profilev ξ as a fit of a straight line onto the profile v ξ in a suitable overflow area (see Figure 1 ).
Definition 4 (Protrusion height)
. Let ξ be a unit vector in the (x, z)-plane and y 0,ξ ≥ 0 the origin of the virtual Couette profile, i.e.v ξ (y 0,ξ ) = 0 at point (x, z). The protrusion height is defined as the difference of y 0,ξ to the Riblet tips (see Figure 1 ):
In the coordinate system of the cell of roughness [1, 0] 
Drag calculations via cell problems
For our near-wall models we consider periodic smooth functions:
Further, we suppose that our rough boundary is smooth, periodic in direction e 1 and e 3 and Ω := (∪ k,l∈ZΩ + (εk, 0, εl))
3 an open, simply connected domain. Than, we define 
(Ω) and for unbounded domains Ω H 
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The trace of u ∈ H 1 per (Ω) is characterized with u ∈ H 1 (Ω) with γ i u ≈ γ j u for a pair of periodic boundaries Γ i , Γ j (proof and further remarks on the trace see in [16] ).
For our near-wall models we seek for a velocity v ∈ H 2 (Ω) ∩ H 1 per and a scalar pressure p ∈ H 1 per (Ω)/R with additional periodicity of ∇v in the normal direction, [∇v] 
, Γ i being the part of the boundary of Ω where the periodic boundary conditions are imposed. The existence and uniqueness result is from [14] .
A homogenization theory for the near-wall model was developed in [14] . The solution of the flow over the rough surface is approximated by an asymptotic expansion. The zero order term is the Couette flow with no-slip boundary condition on an artificial interface. Terms of higher orders can be constructed by using so-called boundary layer correctors which correct the flow behavior around the structures but do not influence the flow far away. The first order term is the correction around the roughness calculated numerically from a cell problem plus correction terms for the boundary condition on the top. The homogenization theory provides a convergence theory which assures the convergence of the solution (v ε , p ε ) to the effective flow (v eff , p eff ) if ε −→ 0, a Couette flow with the Navier-slip condition on the smooth interface. Thus, the influence of the roughness enters trough this slip boundary condition. The greater the slip velocity the better the rough structure. Our aim is to use the homogenization theory to effectively calculate flow characteristics such as protrusion height and drag. The big advantage in doing this is that for specific structures like riblets the 3D cell problem reduces to two 2D problems that are efficiently computable.
We give a short summary of the models we use for drag calculations:
with the Navier-Matrix (see Definition 9)
Proposition 2 (Existence and uniqueness). The system (4) has the solution
Furthermore, if |V | L 3 < 2, the solution is unique.
Proof. A direct calculation shows that (5) is a solution of (4). Uniqueness follows by Proposition 1.
The Navier Matrix is defined with the help of the cell problem used in the homogenization theory:
where [.] S denotes the jump over S, i. e. for f ∈ H 1 Z + ∪ Y the difference of the upper and lower
Definition 9 (Navier matrix and Navier constant). The Navier matrix is defined by
the Navier constant is the value C
For simplicity we use the matrix numbering from 1 to 2. In the case of riblet structures, i. e. Γ doesn't have an x 1 -dependency, the three-dimensional cell problem can be reduced to two two-dimensional auxiliary problems:
Proposition 3 (Longitudinal Flow). In the case of riblets (i. e. the structure has no x 1 -direction dependency) and for λ = e 1 the cell problem (6) has the solution β
Proposition 4 (Cross Flow). In the case of riblets (i. e. the structure has no x 1 -direction dependency) and for λ = e 3 the cell problem (6) has the solution β
The effective solution given by (5) is a simple Couette profile. So it is possible to expand it below the interface Σ by a linear expansion of the flow profile. This allows now for a definition of a protrusion height in a similar fashion as was done for the full flow problem given by (1):
Lemma 1 (Protrusion height). The originŷ of the velocity profile in ξ-direction described by the effective solution (5), i. e. v eff (ŷ) · ξ = 0, is given byŷ = εC ξ bl , The protrusion height h p,ξ of the effective flow in ξ-direction is therefore given by
Proof. The statement follows by solving v eff (ŷ) · e i = 0 with v eff from (5).
And, similarly, for the drag:
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Lemma 2 (Drag). Due to its uniformity a drag value can be associated with the effective flow (5) which is solely determined by the protrusion height and the given overflow. Let ξ be an arbitrary unit vector. The drag in ξ direction produced by the effective flow is given by:
Proof. This statement follows immediately from Definition 2 and the solution structure (5).
Remark 2. The effective protrusion height and drag values are (up to a higher order of ε; ε = 2h + ) independent of the actual choice of the interface position of Σ as was shown by [13] .
Numerical Results
In our model the main flow (the longitudinal flow in x-direction) is the stream flow and the cross flow (flow in y-direction) is generated by the turbulent motion in the layer above the viscous sublayer like in [7] .
Drag formulas for smooth surfaces Following Definition 2 the drag force imposed on the smooth surface of area S is given as
the drag force imposed on a smooth surface at position a with a ∈ [−1, 0] is
and the drag force on a smooth surface directly on the top of the microstructures is given as
Drag formulas for the effective Couette flow The so-called effective drag force is calculated with the help of the Navier constants M 11 , M 22 which are determined by the cell problem 6. This effective drag force has no pressure part due to the evaluation on the artificial smooth surface S. Thus, the effective drag force is given by
In our notation we have M 11 , M 22 ∈ [−1, 0] and the values depend only on the shape of the microstructure. For an arbitrary position of the smooth surface, a, we have
By fixing the smooth surface directly on the top of the microstructures, |a| = ε 2 , we get
Drag calculations for rough surfaces In the three dimensional rough channel, the tangential drag force is given by Definition 2. We present in Table 1 the calculations for two dented sheets (Figure 2 ). The height of the numerical domain H = 1 and of the structures h = ε 2 ( [7] ) are kept constant. Comparing the drag from the two near-wall models, the cubic structure has a 7.5% lower drag relative to the structure with the semi-spheres. Both structures are better than a smooth surface situated directly over the structures with the total drag force F smooth = 1.44. But we will show later that the comparison of rough structures is more complicated and requires the consideration of the boundary layer theory [19] . The real contribution is much smaller. Next, we look at rough structures, a pyramid-like structure and an axisymmerical structure (Figure 2 ). Evaluating the computed drag (Table 2 ) from the models presented, the axisymmerical structure has a 14.7% lower drag relative to the pyramid-like structure. But also here, we will see that this comparison is not suitable. More easily, we can observe that the rough structures are not comparable to the dented plates because the thickness of the underlying viscous boundary layer model differs and alter the results.
Next, we keep the base and height of the structures fixed and compute the drag force for different shapes presented in Figure 3 . At first, we analyze the pyramidical and axisymmetrical structures separately and then all together. The results are given in Table 2 , 3 and 4.
Riblets as known from shark skin are drag reducing surfaces. In Figure 4 we present sinusoidal riblets, the wider ones we name riblets1 and the narrower one (obtained from shape optimization in [7] ) riblets2. Here, the drag force has two different components, one in the longitudinal or main flow direction e x and the second in the cross flow direction e z . We look also to a general axisymmetrical structure which we call pimpels1 and the narrower structure pimpels2 (see Figure  4) . The size of the numerical domains and the height of structures is the same. The computed drag is presented in Table 5 .
Definition 10. We define following geometries: 
Optimal spacing of rough structures
Further, we analyze the optimal spacing of the microstructures. For the basic shape of roughness we choose a specific structure (e.g. cone-like, axisymmetrical shape or sinusoidal riblets) with height h = 1.5 × 10 −4 m and differing diameters (e.g. Table 4 : The drag force of the roughness presented in Figure 3 sorted by drag reduction. total total x-drag force z-drag force riblets1
1.1222 1.1480 riblets2
1.1118 1.1455 pimpels1
1.0877 1.0877 pimpels2
1.0691 1.0691 Table 5 : The normalized drag force for riblets and pimpels in the rough channel.
such that the scaling factor corresponds to 1/2(1+a). With this we get the scaled Navier constants in the canonical cell of roughness:
Definition 12 (scaled Navier constants in the canonical cell of roughness). The scaled Navier constants in the canonical cell of roughness are given bỹ The values of the Navier constants M 11 = M 22 , M 11,a = M 22,a for the cone-like structures ( Figure 5 ) are listed in Table 6 . The values M 11 can not be compared with each others because of the different height of the structures. Only the valuesM 11 are comparable. With the respective scaling they correspond to the protrusion heights:
The protrusion heights can be expressed in terms of the Navier constants. and for our comparable Navier constants, we have:
where the canonical cell of roughness is scaled with ε. Theorem 1. The protrusion height in each direction is a unique size describing the efficacy of the structure, which meansh Proof. We have
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Remark 3. For the comparable Navier constantsM ii,m in the canonical cell of roughness obtained by scaling with 1/(2(1 + a)), we have
ii,m is the Navier constant in the scaled cell andM ii,m is transformed back to the canonical cell of roughness with the correct structure height.
Next, we validate our presented theory for our microstructures. In Table 6 we present the results for the cone structure. In agreement with [7] the optimal spacing is around twice the hight of the microstructure. Table 6 : The diagonal elements of the Navier matrix for cone microstructures according to the ratio of width to height of their cross section.
If we want to compare the drag of different structures we have to pay attention to the scaling of the cell problem (ε,ε), to the value of L 2 and to the position of evaluation. After scaling we only compare microstructures of the same height, here 0.15 · 10 −3 m. Thus, if we evaluate the drag directly on the top of the structures, we are at the same position in all settings. The effective drag from the initial computational cell is then
with L 2,a = H −ε (in our case H = 1). The same drag can be expressed also in other terms: Table 8 : The Navier constants for axisymmetrical microstructures according to the ratio of width to height of their cross section.
Theorem 2. The following expressions are equivalent:
, whereε is the scaling parameter for each cell problem to obtain the same microstructure height and ε = 0.3, the scaling parameter for our canonical cell problem.
Proof. Most of the equalities are simple transformations. We show
In the canonical cell of roughness we have a = − 1 2 . With this, the proof is completed.
The drag computations are presented in Table 7 . Further simulation results of an axisymmetrical structure with different spacing can be found in Tables 8 and 9 . Here, the canonical cell of roughness is fixed and the height of the microstructure differs. To obtain the same height in the end additional scaling according to Definition 2 is necessary.
The drag values from Table 7 and Table 9 are now comparable, which means that the microstructures have the same height after scaling. We see that the effective Couette flow for the cone structures penetrates deeper inside the structures which is in agreement with the flow physics. The cone structures have a sharper tip and let more fluid to flow between them. Table 9 : The protrusion height and drag force for axisymmetrical microstructures according to the ratio of width to height of their cross section.
Rough to smooth surface comparison
In the last section we have seen how structures of the same hight can be compared with each other. Now, we would like to compare a rough structure with a smooth one to catch the viscous part of the change in drag. For this comparison we need to know the correct position of the smooth surface. We come back to the virtual Couette flow defined in Definition 3. The drag of this virtual Couette flowv ξ in ξ-direction on a (x, z)-surface is given by Lemma 2:
The calculations for our different structures are presented in Table 10 . Table 10 : The protrusion height in ξ-direction for different microstructures and comparison of the drag with the virtual Couette profile (computational accuracy).
In case of riblets the two interpolated Couette profiles (in x-and z-direction) do not have a common origin like in the case of symmetric 3D-structures, i.e. pimpels. The velocity profile of the main flow protrudes much deeper inside the riblet valleys than the velocity profile of the cross flow. This well known property is the key behind the drag reducing mechanism of riblets. The same flow situation over a smooth surface would produce a mean 3D Couette velocity profile prescribed by v(y) = V on R and by the no-slip condition v(y) = 0 on the surface. The correct smooth surface location, any simulation of a rough surface has to be compared to, is given by the protrusion height h p,ξ in overflow direction ξ (in our examples ξ = 1 √ 2
(1, 1)) as defined by the interpolated Couette profile given by Definition 4.
Remark 4. The position of the corresponding smooth surface has to be calculated for each geometry and differs between structures. In case of riblets, this position lies between the two protrusion heights, h p,e1 < h p,ξ < h p,e3 . Table 11 gives us an exploration about the viscous drag reduction of the structures of height h + = 0.15. The geometry riblets1 have a small net drag reduction of 1% in e x direction. The geometry riblets2 with more narrow shaped riblets shows a 2.4% drag reduction. Nevertheless, the effect of such small riblets (inside the viscous sublayer) is not very high ( in [17] ). Fully symmetric pimpels behave neutral to the viscous drag reduction because the mean 3D-Couette velocity profile coincides with the virtual one we have to compare with.
Remark 5. This theory can be also applied for the micro-grooves geometry developed in [10] ( Table  12 ). The viscous part of the drag reduction coming from the part of the mean shear stress will be very small, nearly negligible, due to the tiny height of the structures and thus the very small effect they have on the mean velocity profile. The expected higher contribution to drag reduction comes from the interactions of the different scales in the unsteady flow and can not be captured in the presented viscous near-wall models. 
Conclusion and Outlook
The presented calculations are done with ξ = (1, 1) which present a snap shot of the unsteady flow. An unsteady flow can be considered as a time series of different ξ. For the total drag the time averaged drag must be evaluated. The interactions of different scales of the turbulent flow is still missing and thus the influence of certain structures to these interactions. They can be captured only by simulating the whole turbulent flow (i.e. DNS). The fact that very small grooves of the size of the Kolmogorov scale (or a certain shape of riblets of this height) can cause the highest drag reduction is still open. The mechanism would contain the favorable ordering of the small vortices along the main stream direction and the action of the inverse energy cascade which transports this favorable ordering to the bigger scales. The dilemma consists only in the fact that the Kolmogorov scale can not be quantified exactly for any flow.
